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Ĥ0 λ( )Hamiltonian	
   Ĥ0 n = En n
λt 0 ≤ t ≤ τprotocol	
  

Ĥ t( ) = Ĥ0 λt( )+ Ĥ1 t( )

goal:	
   ψini = n λ0( ) → ψ fin = n λτ( )
counter-­‐diaba&c	
  

term	
  

Setup	
  &	
  nota&on	
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compression	
  

Ĥ = Ĥ0 + Ĥ1



Setup	
  &	
  nota&on	
  

adiabaticinitial

fast	
  
ψini = n L0( ) ψ fin = n Lτ( )

compression	
  

Ĥ = Ĥ0 + Ĥ1

!  strong	
  version:	
  

!  weak	
  version:	
  

ψ t( ) = n λt( ) at	
  all	
  &mes	
  

ψini = n λ0( ) ψ fin = n λτ( )and	
  

non-­‐local	
  
	
  

local	
  

solve	
  for	
  the	
  counter-­‐diaba4c	
  term,	
  H1(t)	
  



Ĥ1 t( ) = i! "λ ∇m m − m ∇m m m( )
m
∑

∇m ≡
∂
∂λ

m λ( )
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fast	
  
ψini = n L0( ) ψ fin = n Lτ( )

compression	
  

Ĥ = Ĥ0 + Ĥ1

Strong	
  (non-­‐local)	
  shortcuts	
  -­‐	
  transi&onless	
  quantum	
  driving	
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= H1 q̂, p̂, t( )
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Classical	
  adiaba&c	
  theorem	
  

1	
  degree	
  of	
  freedom	
  

τ=10	
  

p	
  

q	
  

V(q,λ)	
  

H0 =
p2

2m
+V q,λ( )

(1)  Strong	
  shortcuts:	
  construct	
  a	
  counter-­‐diaba&c	
  term	
  
H1(q,p,t)	
  such	
  that	
  trajectories	
  cling	
  to	
  the	
  adiaba&c	
  energy	
  shell	
  
when	
  evolving	
  under	
  H	
  =	
  H0	
  +	
  H1	
  .	
  
	
  
(2)	
  Quan&ze.	
  	
  

τ=1	
  

adiaba4c	
  energy	
  shell	
  



Solving	
  for	
  the	
  classical	
  counter-­‐diaba&c	
  term	
  H1(q,p,t0):	
  

H1,H0{ }= !λ ∇H0 − ∇H0( ) ≡ A q, p, t0( )

1.	
  Necessary	
  &	
  sufficient	
  condi&on	
  for	
  H1:	
  

2.	
  Solu&on	
  of	
  this	
  equa&on:	
  
H0 q, p;λ t0( )( ) = E

q	
  

p	
  
a	
  

b	
  

H1 b, t0( )−H1 a, t0( ) = dt
a

b
∫ A q(t), p(t), t0( )
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3.	
  Conven&on:	
   H1 = 0



Example	
  #1:	
  par&cle	
  in	
  box	
  (piston),	
  λ=L	
  
initial
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ψ(q, t)
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+V (q;L)
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&The	
  wavefunc&on	
  

is	
  an	
  exact	
  solu&on	
  of	
  the	
  &me-­‐dependent	
  Schrödinger	
  equa&on,	
  	
  
under	
  the	
  Hamiltonian	
  Ĥ(t)=Ĥ0+Ĥ1,	
  for	
  arbitrary	
  L(t).	
  



Example	
  #2:	
  4lted	
  piston,	
  λ=L	
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Tilted	
  Piston	
  –	
  |ψ(q,t)|2	
  	
  without	
  counter-­‐diaba&c	
  term	
  

n=70	
  



Tilted	
  Piston	
  –	
  |ψ(q,t)|2	
  	
  with	
  counter-­‐diaba&c	
  term	
  

n=70	
  



Tilted	
  Piston	
  

|ψ(q,t)|2	
  without	
  CD	
  term	
   |ψ(q,t)|2	
  with	
  CD	
  term	
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Weak	
  (local)	
  shortcuts	
  to	
  adiaba&city	
  

Previous	
  goal:	
  find	
  H1(q,p,t)	
  such	
  that	
  trajectories	
  cling	
  to	
  the	
  adiaba&c	
  
energy	
  shell	
  at	
  all	
  &mes.	
  	
  This	
  can	
  be	
  solved,	
  but	
  H1	
  is	
  generally	
  non-­‐local.	
  

New	
  goal:	
  find	
  H1(q,p,t)	
  such	
  that	
  trajectories	
  begin	
  and	
  end	
  on	
  the	
  adiaba&c	
  
energy	
  shell.	
  	
  This	
  can	
  be	
  solved	
  with	
  a	
  local	
  term:	
  	
  	
  H1(q,p,t)	
  =	
  V1(q,t)	
  .	
  

t=0	
   t=τ	
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Fast-­‐forward	
  



Construc&on	
  of	
  V1(q,t)	
  	
  	
  	
  	
  	
  	
  (given	
  H0	
  ,	
  λt)	
  

p	
  

q	
  

!	
  ver&cal	
  lines	
  at	
  q1(λ)	
  ,	
  q2(λ)	
  …	
  qN-­‐1(λ)	
  	
  divide	
  the	
  adiaba&c	
  energy	
  shell	
  
	
   	
   	
  into	
  N	
  strips	
  of	
  equal	
  phase	
  space	
  volume	
  (N	
  -­‐>	
  ∞)	
  

!	
  a(q,t)	
  =	
  accelera&on	
  field	
  describing	
  the	
  mo&on	
  of	
  these	
  lines	
  under	
  λt	
  
!	
  F1(q,t)	
  =	
  ma(q,t)	
  =	
  force	
  field	
  

F1(q, t) = −
∂V1
∂q
(q, t)



Double	
  well	
  ,	
  	
  τ	
  =	
  1.0	
  

V(q;λt)	
  V(q;λt)	
   V1(q,t)	
  



H(q,p,t)	
  	
  =	
  	
  H0(q,p;λt)	
  +	
  V1(q,t)	
  

Double	
  well	
  ,	
  	
  τ	
  =	
  0.1	
  

Next	
  step:	
  simulate	
  quantal	
  evolu&on	
  under	
  the	
  Hamiltonian	
  	
  

Ĥ t( ) = − !
2

2m
∂2

∂q2
+V q;λt( )+V1 q, t( )



Summary:	
  
	
  
!  Classical	
  shortcuts	
  are	
  interes4ng	
  
!  Classical	
  shortcuts	
  are	
  useful	
  
!  Solu&ons	
  exist	
  for	
  both	
  strong	
  and	
  weak	
  

	
   	
  classical	
  shortcuts	
  
	
  

	
  	
  	
  	
  	
  strong	
  	
  -­‐	
  	
  H1(q,p,t)	
  	
  	
  	
  	
  non-­‐local	
  
	
  	
  	
  	
  	
  weak	
  	
  	
  	
  -­‐	
  	
  	
  	
  V1(q,t)	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  local	
  



Quantal-­‐classical	
  correspondence	
  

Ĥ1, Ĥ0
!
"

#
$= i! "λ ∇Ĥ0 − diag ∇Ĥ0( )( ) n Ĥ1 n = 0

H1,H0{ }= !λ ∇H0 − ∇H0( ) H1 = 0


