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Adiabatic theorem

If H(t) = H(R(t)) is “slowly varying”,
“transitions” are SuppreSSQd. m

That is, |
when
dR(t
BT |, (1) — B (t) Bl
[ A. Messiah, Quantum Mechanics, Vol. 11, (1965) ] W\

What does “slowly varying” mean?
Can we have many energy crossings?
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(Geometric phase

Adiabatic evolution: |n%) — e?|nt)

gb:/ Endt’—/ (N’ |i— |n* Ydt’
0 0

dt’
T T Epn (1)
\Dynamnc phase Geometric phase 1
(Berr y phase) W\

more general: non-Abelian

[ M. Berry (1984); F. Wilczek & A. Zee (1984) 1
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Nonadiabatic correction

The change of H(t) can not be infinitely slow,
and there is a nonadiabatic correction Up;,(t).

Thus, the system evolution should be

U(t) = Dyn(t) UGeO(t) UD(t)°

<y 4
P
4

| f K}eometric phase
\Dynamic phase|

R —

\ Nonadiabatic correction ]

Target: Upia(t) — I
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Adiabatic condition
UM = Ubya(t) Use(t) Unia(). Upia(t) — I

* A widely used quantitative condition:

sufficient? No

<nt ‘mt> [K.-P. Marzlin, B.C. Sanders, D. M. Tong,
< 1 M. H. S. Amin, Daniel Lidar, ...]

necessary? Under debate
[D. M. Tong, M. Zhao, J. Wu, D. Comparat, ... }

* New proposed conditions energy crossing?

[Sergio Boixo, Daniel Lidar, Rolando Somma, [J. E. Avron & A. Elgart}]
D. Comparat, ... !

Need an exact Upi, (t) (with possible degeneracy)
6
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(Gauge invariant formalism

U(t) = Ubyn(t) Ugeo(t) Ubia(?)

UDyn(t) ih Z e—i fot En(t’)dt/|n§><n§|
7,]

: i /
Ulesal@) = Z \nfﬂnfo Pe’ Jan X pa | M0y [iV R gt ) (n0|-dR

Upia(t) = Pexp | / N Fym(@)GRE (9)dS

Yo n#m;p,q

parameters R[0(1)] degeneracy and
n%) = njt): eigenbasis of H(t) crossings possible
with energy E,(t) & degeneracy label j
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(Gauge invariant formalism

U(t) il UDyn( ) UGeO( ) UDia( )

Upia(t) = Pexp |i > Fum(0)GR (9" d

the geometric function

62:4,(9) = Ul Dng) ((nli 5 m) ) (m§

the modulatlon funct1on
Fm(®) = e Jo[En(t)=Em (@)]dt" _




nonadiabatic correction
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VY
Ubia(t) = Pexp i [ 3 B (@)GR, (8)dd Fy o (9) = ¢ J3 1B (€)= Enn ()t

Y0 ntmip,q

SUp /
Ve[V, 07] %

Y

0

Fn,m(ﬁ/)dﬁ/ il gavgv (’I”L # m)

ﬂFDia(T) 1 ]H < favg (ggot Wi wtot) (ﬁT AN 190)

where Jtot — Zn7ém 9n,m and Wiet = Zn;ém Wn. m
gn,m i Supﬁé[ﬁo,ﬂT] | Zp,q GIT?L’,%’L (ﬁ)H
Wn,m = SupﬁE[ﬁo,ﬁT] ‘ Zp,q %Ggﬁn (ﬁ)H

unitarily invariant norm || - ||
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A necessary and suﬁicient condition

UV
i / AR R R e Z P (9)GPE ()29
VE[Po,97] |/ 9o Yo n#m;p,q
(Eave = 0]
sufficiency:

The condition &,z — 0 is sufficient because F), ,,, (1) are
fast oscillating functions and the slowly varying tfunctions
GP9 (V) are averaged out. (Riemann-Lebesgue lemma)

necessity:

If the adiabatic limit Up;i.(tf) — I is valid for arbitrary
finite smooth paths, we can always find some paths which
lead to §ave — 0.

IO
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Adiabatic evolution
Flm(8) = ¢t Jo [En ()= Em ()]t

Y

9
To have sup / From(9)dd'| — 0
196[190,197—1] ?90

Large energy gaps S
(i.e., slow parameter changes) g

Pulse sequence i
(similar to dynamical decoupling) 05|

for DD, see: Quantum Error Correction,
Lidar and Brun, Cambridge University Press (2013)

Pulse sequence

0.0

- 0.5}

Fn,m(ﬁ)

- 1.0k

II



Adiabatic evolution by pulses
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Fy, 1 (V)
&/ Ne e
&/ ® \:/:\:J ¢
=
0.1F -
< »‘j
0 o001} ] S——
4 o..l Ny
0.001} ;i '.°'-'.'... ]
Apia = W00 (T) = D] ]
10°* b, : . , : :
1 2 5 10 20 50 100
N
similar to eigenpath traversal by measurement,
evolution by phase randomization, but unitary

[Childs et al.} & {Sergio Boixo, E. H. Knill, Rolando Sommal
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Fast continuous driving
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Marzlin-Sanders inconsistency
(with possible degeneracy)

* A widely used quantitative condition:

<n;\mg> i sufficient? No
En(t) — En(t) necessary? No

If U(t) = Te tJo Ht)d" i adiabatic, both H(t) and

H(t) = —~UT(t)H(t)U(t) satisfy the condition.

But the evolution by H(t) is not adiabatic.

For the “bar” system:

%) =UT(@O)Ing)  Gra (9) = e~ fo[En—Emldt' Gra_ ()

Upia(t) = Pexp i[5 ¥ tmip.q Ghtn ()0

14



arXiv:1210.4323

Collaboration with Martin B. Plenio

Part of the work was carried out at

The Chinese University of Hong Kong

%\%‘ka

The Chinese University of Hong Kong

Acknowledge support from Ren-Bao Liu

15



